Abstract. We prove supercongruences modulo p 2 for values of truncated hypergeometric series at some special points. The parameters of the hypergeometric series are d copies of 1/2 and d copies of 1 for any integer d ≥ 2.
Introduction
Fix an integer d ≥ 2 and consider the hypergeometric series
where (x) n denotes the product x(x + 1)(x + 2) · · · (x + n − 1). It is known as the Pochhammer symbol. Let p be a fixed odd prime. For every integer s ≥ 0 we define the truncated series
In particular F 0 (z) = 1. Let z 0 be a p-adic unit and suppose that F 1 (z 0 ) is also a p-adic unit. Then, by a result of Dwork [3] we have for all s ≥ 1 that F s (z 0 ) is a p-adic unit together with the congruence
So the sequence of quotients is a p-adic Cauchy sequence. We define the limit
The number f (z 0 ) is refered to as the unit root part of the Frobenius-action on a suitable p-adic cohomology (we do not go into the details). From (1) it follows that f (z 0 ) ≡ F 1 (z 0 )(mod p). But it turns out that for some values of z 0 one has stronger congruences, a remarkable phenomenon called supercongruences. In this paper we prove the following theorem, Supercongruences have been the subject of several recent publications, see for example [8] and [7] . In [7] the mod p 3 congruences for 14 truncated hypergeometric sums of order 4 (Villegas's list) are proven. One of the results is a mod p 3 congruence for our case d = 4. In [8] the authors prove a mod p 3 result for the case d = 6. However, the right hand sides of these congruences are coefficients of certain modular forms. We think that they coincide with the unit root parts that we consider in this paper, but do not have a proof for this. It is conjectured that in the case d = 6 we have congruences modulo p 5 . Numerical experiments suggest that for d > 6 one cannot expect anything better than mod p 2 congruences. The congruences in the present paper concern supercongruences for truncated hypergeometric sums with parameters 1/2, 1 of any order d ≥ 2. One might wonder if such results hold for more general parameter sets. At the moment this is not clear. For example in the case of parameter sets (1/3, 1/3, 1/3, 2/3, 2/3, 2/3) and (1, 1, 1, 1, 1, 1) we did not observe any supercongruence. The key to the results in the present paper is the special symmetry of the hyper-
This gives a symmetry of the underlying hypergeometric motive. At the end of this paper we briefly indicate its role in the background of the proof of our Theorem 1.1.
Proofs

Lemma 2.1 (Babbage, 1819). For any odd prime p and any integers
The theorem was proven by Babbage in 1819, [1] . In 1862 Wolstenholme [9] showed that this congruence holds modulo p 3 for all primes p ≥ 5.
Proof. Observe that
Split the product into factors with p|k (and write k = lp) and factors where k is not divisible by p. We get
where the second product is restricted to k ≡ 0(mod p). The first factor equals a b , the second is modulo p 2 equal to
The well-known fact that
implies that the second product is 1(mod p 2 ). This proves our assertion.
This lemma occurs in the work of Eisenstein [4] .
Proof. First notice that
By Fermat the last factor is 1(mod p) and we get that
We compute the latter modulo p.
The number Proof. Notice that
The symmetry is now immediate from the last expression.
Lemma 2.4. Let p be an odd prime and r, r ′ , t integers ≥ 0 with r = pr ′ + t and t < p. Let α r be as in the previous lemma and γ = (4 p−1 − 1)/p. If p/2 < t, then p divides α r and if t < p/2 we have
Modulo p the congruence reads α r ≡ α r ′ α t (mod p). This is known as the Lucasproperty for α r .
Proof. Instead of α r we start with 2r r . Notice that 2r r = 2pr
Note that if t > p/2 the product in the numerator contains the factor p + 2pr ′ and is therefore divisible by p. Suppose from now on that t < p/2. 
Notice also that
Finally use the relation 2r r = 4 r α r . Putting everything together we find that
Using 4
Proof. of Theorem 1.1.
In view of congruences (1) it suffices to prove that
for s = 2, but we will do it for all s ≥ 2. Use the notation α r =
(1/2)r r! and Lemma 2.4 to find
The terms with t > p/2 do not occur since α d r ≡ 0(mod p 2 ) whenever t > p/2. This gives
where
In order to arrive at our result we set z = ǫ p and show that G 1 (ǫ p ) ≡ γF 1 (ǫ p )(mod p). Consider G 1 (ǫ p ) = 2Σ = Σ + Σ as a sum of two (equal) sums over t. In one of these we replace t by (p − 1)/2 − t and obtain
Apply Lemma 2.3 and replace k in the inner summation by p − k. We get
This equals
Thus we obtain after addition of Σ,
Application of Lemma 2.2 yields the desired result.
The underlying mechanism
The proof of our main result uses a symmetry of the polynomials F 1 (z), G 1 (z) modulo p. We show here how this is forced by the symmetry of the hypergeometric equation. One easily sees that F 1 (z)(mod p) is the unique polynomial of degree < p/2 which satifies our hypergeometric differential equation modulo p and which has constant term 1. Furthermore, F 1 (z) log z + G 1 (z) is another solution modulo p. By the symmetry of our equation
is also a polynomial solution modulo p. Hence, by uniqueness of
is a p-adic unit by assumption we conclude that λ = ǫ p . Hence F 1 (z) is a reciprocal or antireciprocal polynomial. We observe that z (p−1)/2 F 1 (1/z) log(1/z) + z (p−1)/2 G 1 (1/z) is also a mod p solution. Multiply by ǫ p and add F 1 (z) log z + G 1 (z). We find the new solution G 1 (z) + ǫ p z (p−1)/2 G 1 (1/z) which is a polynomial solution. Hence it equals µF 1 (z) for some µ. To find the value of µ we set z = 0. The constant term of G 1 (z) is 0 and the constant term of ǫ p z and we obtain that G 1 (ǫ p ) = γF 1 (ǫ p ), the key step in the proof of our theorem.
